Unlike the even gravitational coefficients of Jupiter that are caused by both the rotational distortion and the equatorially symmetric zonal winds, the odd Jovian gravitational coefficients are directly linked to the depth of the equatorially antisymmetric zonal winds. Accurate estimation of the windinduced odd coefficients and comparison with measurements of those coefficients would be key to understanding the structure of the zonal winds in the deep interior of Jupiter. We consider two problems in connection with the Jovian odd gravitational coefficients. In the first problem, we show, by solving the governing equations for the northern hemisphere of Jupiter sub- * Corresponding author
Introduction 1
The zonal external potential V g of the Jovian gravitational field can be 2 expanded in terms of the Legendre functions P n ,
where M is Jupiter's mass, n takes integer values, J 2 , J 3 , J 4 , J 5 , . . . , are the gravitational coefficients (Bolton, 2005) 
where R S is the radius of the planet, s = r sin θ denotes the distance from This study examines two possible effects that might be responsible for
50
causing such large differences. The first is the effect of geometry -spher- profile (2). In an inertial frame of reference, the equilibrium equations are
where K is a constant, u denotes the fluid motion and V g represents the grav-
89
itational potential. Equations (3) -(6) are solved subject to the boundary
where the effect of the rotational distortion is neglected. Since the wind speed 92 is much smaller than that of the solid-body rotation, we can solve equations
93
(3) -(6) by making the expansions
where U (r, θ)φ, displayed in Figure 1, The equatorially antisymmetric winds only drive the density anomaly ρ 1 obeying the parity
which only produces the odd gravitational coefficients J n . In addition to the 102 boundary condition at the spherical surface
we also impose the antisymmetric boundary condition at the equator
An effective way of finding a solution to equations (3) -(6) for ρ 1 subject anomaly ρ 1 (r, θ), we then compute the odd gravitational coefficients J n with 114 n ≥ 3 by performing the two-dimensional integration
for n = 3, 5, 7, . . . .
116
The results based on the computation of the northern hemisphere in 117 spherical geometry are presented in 4.
136
The thermal wind equation in spherical geometry (Kaspi, 2013) can be 137 written in the form
where ρ 0 (r) and g 0 (r) represent the density and gravity profile of the spherical 139 hydrostatic state, respectively, while ρ 1 denotes the density perturbation to (13) gives rise to the density perturbation
where C(r) is an arbitrary function of r. Since
in spherical geometry, the arbitrary function C(r) does not make any con- the odd gravitational coefficients J n in (1).
155
As a consequence of the equatorial asymmetry in the zonal winds U (r, θ), as clearly seen in Figure 2 , the integrand function in (14) is discontinuous across the equatorial plane at θ = π/2 or at z = 0 with z = r cos θ. To illustrate this crucially important feature, we show in Figure 3 
and U (r, θ) in the southern hemisphere, U southern (r, θ) with π/2 < θ ≤ π or
Because of the equatorial asymmetry present in Figure 2 and the assumed cylindrical structure in (2), we have smoothed and replaced by a continuous curve (the dashed line in Figure 3 ).
168
After the application of the equatorial smoothing, the integrand function in 
190
Several examples for the lowermost odd zonal gravitational coefficients J 3 , J 5 , J 7 are presented in Table 2 for H = 5000 km, 10000 km and 50000 km at two different values of the smoothing parameter h. Figure 5 shows significance. We present in Table 3 we also present an example in Appendix A for the purpose of demonstrating 232 why the equatorial smoothing leads to a mathematically incorrect solution.
233 Table 3 : The zonal odd coefficients computed using exactly the same profile U given by (2) at H = 10 4 km with and without equatorial smoothing.
With equatorial smoothing Without equatorial smoothing 
238
We have studied two problems in connection with the odd gravitational co- in Table 2 and Figure 5 and, consequently, the artifacts render the predictions 251 of those odd coefficients meaningless.
252
A recent study (Zhang et al., 2015) suggests that the thermal wind equa- 
where r = r(r, θ),r =r(r,θ). Our further calculation using (16) shows 262 that, because large derivatives ∂U/∂θ in the equatorial region (see Figure 6) 263 caused by the non-physical equatorial smoothing in the second term on the 264 right side of (16) are so dominant, the third term on the right side of (16) 265 only makes an insignificant contribution.
266
It can be concluded, because of an unintended effect of the non-physical 267 equatorial smoothing used to avoid the discontinuity of the equatorially an- 
where ξ ∼ r with 0 < ξ < π, U B denotes the equatorially antisymmetric 289 winds which are discontinuous across the equatorial plane at θ = π/2 and
There are three different sources in (17) that contribute to the density anomaly caused by the mathematical discontinuity at the equator that is dynamically 305 and physically unfeasible in the Jovian interior, would be non-physical.
306
For the purpose of an easy computation, we take an equatorially anti-307 symmetric zonal wind in the form
which is discontinuous across the equatorial plane at θ = π/2. With this 309 profile, the integral (17) can be written as
Carrying out the relevant derivative and integration, we obtain
For instance, It can be shown that I ±0 produced by the effect of the nonphysical discontinuity at the equator is always larger than (I −0 +I +0 ) induced by the zonal winds in the non-equatorial region. At a particular location, for example, the middle radius of the sphere at ξ = π/2, we obtain that
In other words, the density anomaly ρ 1 is primarily dominated by the math- 353
where we have set C(r) = 0 in (14). In (18), the leading order solution ρ 0
354
with the polytropic gas of index unity p = Kρ 2 is given by
where ρ c = ρ 0 (0) and 
which is continuous across the equator. We shall take R S = απ = 69911km
358
and Ω J = 1.7585 × 10 −4 s −1 in our calculation for illustration. 
Substitution of (21) and (22) G., Oberst, J., Stooke, P., Tedesco, E. F., Tholen, D. J., Thomas, P. C., 
